Abstract: We demonstrate explicitly the correspondence between all protected operators in a 2+1 dimensional non-supersymmetric bosonization duality in the non-relativistic limit. Roughly speaking we consider SU (N ) Chern-Simons field theory at level k with N f flavours of fundamental boson, and match its chiral sector to that of a SU (k) theory at level N with N f fundamental fermions. We present the matching at the level of indices and individual operators, seeing the mechanism of failure for N f > N , and point out that the nonrelativistic setting is a particularly friendly setting for studying interesting questions about such dualities.
We will explain various subtleties here (especially regarding the U (1) parts of this duality) in section 2. For now, we merely remark that the first and second subscripts on each gauge group indicate the non-Abelian and Abelian Chern-Simons levels respectively. Importantly, we will find that the duality holds only for N f ≤ N .
Both theories will exhibit non-relativistic conformal symmetry [30] [31] [32] , associated to an extra SO(2, 1) symmetry beyond the naive Galilean group. This is very analogous to the more familiar relativistic conformal symmetry, with features such as a state-operator map, though it is generally simpler to understand. In particular, in previous work the dimensions of a protected class of chiral operators were calculated exactly [24, 25] .
We will find that we can give a precise mapping between the chiral operators of both theories. As we shall see and explain, this even includes operators transforming nontrivially under the global part of the gauge group. The mapping takes the form of a simple explicit recipe to construct the dual of any given operator. There is a close relation to the world of 1+1 dimensional level-rank duality of conformal field theory, which we will briefly outline.
It can also, of course, be encoded as an equality of certain indices between the two theories. We will describe how to construct these indices by starting with the spectrum of free particles and implementing the flux attachment. The mapping and indices are given in section 3.
In order to make this duality fly, we have to understand an important subtlety of Chern-Simons theory: not all operators one might naively write down are permitted in the spectrum. This is dictated by the fusion rules of the underlying affine Lie algebra. Normally, when one brings together p particles transforming in representations R i of some group, they collectively transform in arbitrary irreps in the tensor product R 1 ⊗R 2 ⊗· · ·⊗R p . However, the fusion rules knock out certain terms in that decomposition into irreps. In particular, in the language of Young diagrams, no representation of SU (N ) k with more than k columns is permitted.
Understanding precisely how these are implemented has important, and slightly subtle, ramifications for our spectra -we will address this fully only in section 4 as we go through several simple examples of the duality, understanding how fusion rules are implemented and then investigating how the number of flavours affects the duality. We will find that the duality stated holds only for N f ≤ N , as the fermionic theory given above contains extra states.
One nice perspective on this duality is that it is a return to the world bosonization originally came from: non-relativistic flux attachment. When we are done, we will have a detailed and very down-to-earth understanding of exactly how attaching flux to bosons and fermions works (including how this is restricted by fusion rules, and what it looks like at the level of partition functions or indices) and exactly how this gives rise to dualities.
Such a simple framework makes for an excellent testbed for investigating more potential dualities, and we leave this open for further work.
Duality of Non-Relativistic Conformal Theories
Non-relativistic theories, and especially those with conformal symmetry, are not particularly familiar to many, so in this section we will summarize some of their key properties. We will begin by describing their Lagrangians, before taking a moment to discuss some of the subtleties of the duality as relevant for these theories. Then we will recapitulate results about their spectra. This will leave us ready to begin explaining how the duality is implemented in section 3.
Lagrangians
Recall that we are interested in the duality
where both theories are non-relativistic and have conformal symmetry.
In order to specify these theories completely, we specify their gauge and matter sectors separately. Firstly, we should explain the notation U (N ) κ,κ . This refers to the gauge group
with the corresponding Lagrangian
where a is the SU (N ) part of the gauge field andã is the U (1) part. Notice that the discrete quotient of (2.2) enforces the constraint κ − κ ∈ N Z. Indeed, the bosonic theory exhibits the general solution of this constraint, using the parameter n.
For the particular values of n = 0, ±1, ∞ it reduces to special cases analyzed in [13, 14] which are dual to fermionic theories with a single gauge field. These are realized as follows: For general n, the fermionic theory requires an extra U (1) n factor which strictly should not be integrated out. This is coupled in via a so-called BF term, which couples the overall U (1) ⊂ U (k) fieldã to the extra U (1) n field b via the simple term
Nonetheless, these are all easily related to each other by gauging U (1) symmetries and integrating out fields, so in the following we will mainly find it simplest to work with the n = 1 case in which the Abelian and (renormalized) non-Abelian levels come out to be the same.
All that remains is to describe the matter couplings. These are simply given by
With the introduction of N f fermionic fields on one side of the duality, there is a renormalization of the Chern-Simons level. In the relativistic case, this shift is by ±N f /2 according to other sign choices. (One can think of this as arising from integrating out half of the fermions in the analogous supersymmetric duality, mirror symmetry [35] .)
4. In taking the non-relativistic limit of a matter field theory, one gives all fields a mass and then decouples either the particles or anti-particles. Consequently, there is a further shift of ±N f /2 in the fermionic theories according to what choice one makes here. For the theories discussed in this paper, this shift precisely negates the previous shift. 2 5. Finally, there is a further possible renormalization of the non-Abelian Chern-Simons level according to the choice of regularization for loop integrals in the field theory. This comes from gluon loops. The usual approach is Yang-Mills regularization, in which a small kinetic term is added to the photon and then decoupled; in this approach, one finds that quantities in the SU (N ) k theory depend not on k but
The results of [24, 25] were presented in another regularization scheme (equivalent to dimensional regularization) in which there is no such shift. Therefore in importing results from there, we include this shift.
6. It may be that this duality does not hold for all numbers of flavours N f . We will see that we require N f ≤ N for it to work out in our case, where N is the number of colours in the bosonic theory.
The Spectra of Non-Relativistic CFTs
The above theories both have the interesting property that a part of their spectrum is protected. (In the supersymmetric completion, this is the BPS portion of the spectrum.) Thinking of these theories as specifying the quantum mechanics of anyonic particles, if one adds a harmonic trap, one finds a class of states called linear states whose energy depends linearly on the inverse Chern-Simons level. Alternatively, thinking of them as defining a CFT with an appropriate algebra of local operators, one finds that the dimensions of a certain class of operator depend on the level in the same way. These pictures are related by a state-operator map, which (unlike in the case of relativistic CFTs) simply maps operators in the original theory to states in the theory with a harmonic trap added. This part of the spectrum was analyzed in detail in [24, 25] .
One part of those papers was to understand what the operators of the CFT are. As a consequence of Gauss's laws, we are obliged to turn on the gauge field when turning on the matter fields -indeed, in the example of (2.3), it is clear that excitations created by φ † carry magnetic charge.
The result is that the physical excitations of each system are best expressed in terms of dressed versions of the φ operators, carrying magnetic charge. But there is a simple way to achieve this if we sit on the plane. We simply dress φ with a Wilson line stretching out to infinity. This, being gauge invariant except under transformations at infinity, automatically satisfies Gauss's law. Hence we define
and similarly Ψ, though for the latter we need to include an extra Wilson line for the extra gauge field, and adjust the charges to satisfy both Gauss laws. Path-ordered exponentials can also be seen in solutions to the Knizhnik-Zamolodchikov equations which arise naturally in anyon quantum mechanics; indeed, this is what imbues the particles with their anomalous statistics [36] .
It is not immediately obvious that we can think of these as analogous to the local operators of a relativistic CFT, due to the manifestly non-local Wilson line, but in fact one can sensibly discuss things like the scaling dimension of such an operator, and arguments to that effect are given in [25] . (One key reason for this is the difference in the state-operator map. In the relativistic case, the states live on a sphere, and this means we have nowhere to run the Wilson lines to. The non-relativistic harmonic trap has no such issue.) This means that these Φ fields are useful objects to discuss, though their extended nature means they have some significant subtleties (related to fusion rules, which constrain how they may be combined) to which we will return later.
Since we are interested in operators at a point, from here on we will understand operators to be evaluated at the origin, so Φ i = Φ i (0) and so forth. Then, letting ∂ = ∂ z and∂ = ∂z, the operators we are interested in are linear combination of terms like
and similarly for Ψ in the fermionic theory. Note that these transform in some representation R of the global part of the gauge group as well as the SU (N f ) flavour symmetry, but we have suppressed the indices of the former.
Note also that operators which are total derivatives are (in a sense made precise in terms of the conformal algebra in [24, 25] ) descendants of simpler operators. We ignore these in the following. Now one can easily express the protected operators in terms of the Φ i , Ψ i . We find that they are simply those with only ∂ derivatives, so l m = 0. In the bosonic theory, they look like this:
The dimension of such an operator is given by
where J is its angular momentum, appropriately regularized by subtraction of each individual particle's spin. One may think of this essentially as a measure of the binding energy of the composite operator. (This saturates a lower bound on the dimension of any operator with these eigenvalues of the number operator and angular momentum.)
Moreover, there is an elegant formula for this angular momentum. There is clearly some angular momentum associated to the derivatives ∂ lm in the above expression for O, so let us account for this by defining
The more interesting thing is what remains. It is helpful to consider each factor of the gauge group separately. Suppose the gauge group is a product of the groups G I at levels k I . Then take O to be in a definite representation R I of each factor. Then
where C 2 (·) is the quadratic Casimir of a gauge group representation, defined by
for t α generators in the appropriate representation, normalized by tr t α t β = δ αβ . We have written the solution in terms of the renormalized levelk I for each factor.
The spin s of the individual particles is given by a related formula:
For example, consider an Abelian theory withk = 1. We see that bosons pick up a half-integer spin and fermions an integer spin, as expected.
From this point of view, it is clear that something fairly non-trivial must happen to match these dimensions across the duality. This is what we will describe in section 3.
Two Dimensional CFTs and Bosonization
The above formulae are on the one hand specializations of the results of [25] as those hold for φ in arbitrary representations of the gauge group; although on the other hand, they are also slight generalizations of those since here we include extra gauge group factors. However, we note also that these formulae are clearly intimately related to the so-called minimal energies of the affine Lie algebra representations associated to R I [37] , or the conformal dimensions of the operators in WZW theory.
The key idea is one we have already encountered, in fact, in (2.5). This, roughly speaking, takes the form of a decoupling transformation which separates the Chern-Simons field theory from the matter fields. Similar transformations are used in the free fermion construction of Wess-Zumino-Witten theories in 2 dimensions [38, 39] . They also make direct contact with old ideas about the relationship of Chern-Simons theory on manifolds with boundary to conformal field theory [40] .
Recall a z is flat away from φ insertions. Suppose there were no φ insertions. Then we could write a z = ih −1 (∂ z h) for some h, and
and hence one can write the action elegantly in terms of the fieldsφ = hφ and h, with the Hamiltonian (2.4) becoming simply H ∝ d 2 x |∂ zφ | 2 . Moreover, these two fields are completely decoupled, except for Gauss's law, which would impose boundary conditions on h at eachφ insertion. The path integral, in this sector, reduces to a Wess-Zumino-Witten theory for h on the boundary at infinity. Of course, this is a very trivial observation without any matter insertions! As we add φ insertions, we start obtaining multiple boundary components, and we cannot typically expect a single-valued h. In general, this can result in a much more complicated path integral; indeed, even for Abelian anyon theories, not much is known about the dimension of generic operators. However, for the special case of chiral operators we obtain exactly the construction of 1+1 WZW models alluded to in the last section of [40] , with a WZW field h decoupling from someφ source as above. Accordingly, we can understand these 3d chiral operators in terms of WZW chiral primaries, and this underlies the nice formula (2.7) for the corresponding operator dimension.
Of course, once we understand that there is a link between the chiral operators we are studying and operators in WZW models, we find ourselves in the world of level-rank dualities [21] and non-Abelian bosonization [29] -thus it is perhaps no surprise that we can understand the duality of this sector of the 3d theory in terms of level-rank dualities in 2d. The goal of this paper, then, is to elucidate precisely what this duality looks like in terms of the 3d fields.
Finally, as mentioned in the introduction, we note that in [28] a precise relationship was established between the chiral sector of a deformation of this CFT and a WZW model. Specifically, a chemical potential was added, and the moduli space of v vortices in a harmonic trap was studied. The dynamics within this moduli space, as v → ∞, was shown to be precisely that of the chiral Wess-Zumino-Witten theory by matching both the algebra and the partition function of the former to the latter. This is clearly similar to what we have seen here: the chiral sector of the theory matches a chiral WZW model.
A Recipe for Matching Protected Operators
We will describe the matching for protected operators in three stages. Firstly, we will observe that the single-particle operators match. Secondly, we will explain how "small" multi-particle states, namely those which avoid triggering the fusion rules, also match. Finally, we will explore how arbitrary multi-particle states match.
Before we embark on this path, it is worth emphasizing that we are going to provide a matching not only between gauge singlet operators, but actually between gauge-dependent operators. This obviously is not a bijection between operators (consider the single-particle operators in e.g. a U (N ) ↔ U (1) duality), but it is a bijection between their gauge orbits. We offer two perspectives upon this:
• The first the point of view is that of Chern-Simons theory. Let us consider putting some charges into a Chern-Simons field theory, and asking that the state transforms under some particular representation of the gauge group at infinity. We can do this by inserting Wilson lines at the appropriate points. Then, as famously discussed in [40] , one can analyze the Hilbert space of possible Chern-Simons states which can exist given these charges. These spaces are the objects we match.
• The second is completely equivalent, but phrased in condensed matter language. By coupling matter to a Chern-Simons gauge theory, we are really looking at theories of anyons. With each physically distinct representation of a group SU (N ), we associate a single species of anyon. Thus in this language, our duality is an implementation of the level-rank duality of anyon species.
We emphasize that it is known that, for instance, the fusion rules dictating how anyon species can fuse into new compound anyons are preserved across level-rank duality [41] . This is essentially the same thing as the statement that the Hilbert spaces of ChernSimons states agree across level-rank duality. Our goal in this paper is to give descriptions of the operators which create such states, demonstrating that their dimensions and angular momenta agree across the duality.
Note that there are two ways to handle what happens at infinity. One option is to compactify and think of inserting a single Wilson line there too. The other is to dress treat the theory as having a boundary, and add a WZW theory containing operator insertions at that boundary. In either case, the fusion rules also constrain what representation the insertion (and therefore the bulk state) may transform in. The duality will match partition functions up to the level-rank duality of this global representation.
With that all said, let us begin by considering the situation with single-particle operators. The only possible matching is
and this indeed works out very neatly. The dimensions of both operators (which are free) match trivially. The more pleasing thing is that their angular momenta are equal. For the case of n = 1, this is realized simply by the identity
But what about multi-particle states, where the anomalous (binding-energy-like) angular momenta kick in?
Suppose that you have a representation R of some unitary group U (N ). Then we can describe it efficiently using an unreduced Young diagram with λ i boxes in the ith row. Here, "unreduced" means we allow full columns of N boxes in order to keep track of the total U (1) charge too.
As mentioned above, it is simplest and perfectly general to focus on the n = 1 case, since here the U (1) level and the renormalized SU (N ) level agree.
The corresponding anomalous angular momentum associated with this diagram can be evaluated by using the expression for the quadratic Casimir in terms of the inner product of weights λ, λ + 2ρ . (Here, ρ is the sum of fundamental dominant weights.) One obtains
where we have written this last term in a very particular way, for reasons that will now become clear.
The protected operators we have discussed can be constructed by taking an operator built from the right number of bosons and derivatives, and contracting its gauge indices a m with a tensor M transforming in the representation R:
We seek a dual for this operator, constructed from fermions, which transforms in the same SU (N f ) representation. Let us consider operators of the form
Replacing bosons with fermions means that everything which was symmetrized is now antisymmetrized and vice versa. So if we want the same SU (N f ) representation, we must put M in a representationR described by a partition λ T :
This, of course, is not a surprise: level-rank duality generally relates Young diagrams to their transpositions, up to the important issues to be discussed in section 3.2.
What is the anomalous angular momentum J 0 of this state? It is easy to work out by looking at (3.3) the right way. The first term in the sum counts the number of pairs of boxes lying in the same row of the Young diagram. The second similarly counts the number of boxes lying in the same column. But upon transposition, these two terms are simply interchanged.
Moreover, recall that under the n = 1 duality,k → −N , butk =N = k + N when both quantities are positive. Hence in fact, J 0 → J 0 is invariant for these theories! This is the first clear manifestation of the multi-particle bosonization duality: the anomalous angular momentum for an bosonic operator and its naive dual (3.5) are identical. It follows that their dimensions ∆ and angular momenta J are also equal. This result essentially reproduces old observations about the behaviour of Wilson line observables under level-rank duality [21] .
We see that given a λ describing a valid representation of SU (N ) then the transpose λ T is a valid representation of SU (k) only if it has at most k columns. But this (neglecting SU (N ) singlets for the moment) is precisely the requirement that the representation is an integrable representation of SU (N ) k . This notion will be important for us. In general, when we bring operators transforming under a gauge group with a finite level, rather than transforming in the tensor product, the composite operator transforms only in the representations specified by the fusion rules of that theory [41] , as mentioned in the introduction. In particular, SU (k) representations whose reduced Young diagrams exceed k columns are always projected out. A nice characterization of the fusion rules is that when one brings together a fundamental weight (a partition which is a column of boxes) with some other integrable partition, one simply takes the normal tensor product but then sets to zero any partition whose Young diagram is not integrable. This is the key subtlety associated with the procedure for attaching Wilson lines we postulated above. Thinking of the physical states as being given by Chern-Simons theory defined around fixed point charges, the Hilbert space of gauge configurations is only nonempty when we obey the fusion rules, as in the story told in [40] .
In summary, if we start with a λ describing a valid representation of SU (N ) k , with no singlet factors, then the transpose λ T is always a valid representation of SU (k) N . But we do not have a procedure which works if we add many singlets to the operator.
Adding Singlets
The above is clearly is only a part of the story. In general, there is no operator of the form (3.5), because if we include several SU (N ) singlets in λ, then there may be too many antisymmetrizations in λ T for it to be a valid representation of SU (k). But in order for the formulae for angular momenta and dimensions to be equal, we must include these singlets to get the correct U (1) contributions.
From a more mathematical point of view, there is no bijection between representations of affine special unitary Lie algebras. The usual level-rank duality picture only specifies a bijection between representations of SU (N ) k and SU (k) N modulo outer automorphisms. The outer automorphism groups are respectively Z N and Z k , and are associated with the center of each original group.
The action of Z k upon reduced representations of SU (k) at level N is easy to describe: the generator σ adds a row of N boxes to the top of the diagram and then reduces it. (It is easy to verify σ k = 1.) But from the point of view of the bosonic side of the duality, clearly this looks much like adding a column of N boxes -that is, adding a singlet -before then performing a rather mysterious operation, namely removing complete rows of k boxes. 3 This all suggests that the U (1) part of the gauge group must mix in some non-trivial way with some other source of angular momentum. This other source can only be derivatives.
To see this, it makes sense to focus firstly on Abelian theories, where things are simple and we only have these U (1) factors to worry about. Thus we will set N = k = N f = 1, but keep n general. Consider the lowest-dimension protected operator in the bosonic theory:
This should presumably match the lowest-dimension fermionic operator,
where we have integrated out the extra U (1) n for expedience, this being equivalent to doing a more careful calculation of dimensions. Indeed, this pans out very neatly:
This makes sense: the statistical parameters of these theories are θ = π/(n + 1) and θ = −nπ/(n + 1) respectively, and they are related by θ =θ + π, or the distinction between bosons and fermions.
Focussing on the n = 0 case for simplicity, this is the standard flux attachment procedure for turning bosons into free fermions. This can also be expressed as the identity
which equates chiral indices for the two theories. (These are the partition functions of the chiral operators in the two theories, Z = Tr chiral [x N q ∆−N ], where N is the number operator. Each term in the product deals with m-derivative single particle operators, whilst the prefactor on the left attaches flux to the bosons.) Writing (x; q) n = n−1 l=0 (1 − xq k ) for the q-Pochhammer symbol, we see that this identity combines two common special cases of the q-binomial theorem:
x n (q; q) n and
The usual combinatorial interpretation of these results is precisely that partitions of an integer n into integers and distinct integers are differentiated precisely by the inclusion of a triangular partition -in physics language, bosons and fermions are related by the inclusion of ∂ 0 , ∂ 1 , . . . , ∂ n−1 derivatives included in the chiral fermionic ground state.
Here, we see clearly that indeed there is a mixing between explicit and anomalous angular momentum across the duality. This is the key idea we need to identify the matching between operators.
However, things are more subtle when we have a non-trivial SU (N ) part to the gauge group. When the group sits at level k, we are forbidden from constructing operators transforming as (reduced) Young diagrams with more than k columns. From the point of view of our unreduced Young diagrams, we may have more than k columns, but only by adding singlets (columns of N boxes) to the left of the diagram.
From the point of view of the dual SU (k) N , of course, added singlets appear as extra maximal-length rows of N boxes at the top of the reduced Young diagram. Generically the diagram then needs reducing to be a SU (k) state. This is how we explore the orbit of the outer automorphism group under the duality. This means that, by tracking the total U (1) charge of the states transforming in these representations, we actually obtain the outer automorphisms much more naturally than in the above presentation. One simple way to understand why this is from the embedding
commonly discussed in the context of level-rank duality. Consider the free fermion representation of the right-hand side; in fact, simply take a quantum mechanics of free fermions χ i a transforming in SU (k) × SU (N ). The resulting states decompose into representations of the left-hand side. One easily sees that things in the representation λ of SU (N ) only appear in representations SU (k) which are λ T or elements σ r (λ T ) of its outer automorphism orbit, precisely because of the potential presence of singlets. But clearly the U (1) charge precisely counts the number of singlets, and hence disambiguates the level-rank map. The U (1) and SU (k) representation together specify the SU (N ) representation uniquely; and similarly with k ↔ N .
We need to check that this allows us to construct some sort of bijection which preserves the angular momenta and dimensions.
Constructing a Matching Operator
Suppose you are given a bosonic operator consisting of qk + r singlets and a part transforming under a reduced SU (N ) representation µ which is integrable (i.e. with at most k columns). There are q blocks which are N × k rectangles, which upon transposition remain gauge singlets. Put these to the left of the new diagram. The remainder of the transposed diagram -r rows of N blocks atop µ T -may be invalid if it has more than k rows. If it does, take the portion of the diagram below the kth row and place it instead at the top right of the diagram. This is necessarily a valid U (k) diagram, and also has at most N columns which are not singlets.
An example of this process is depicted in Figure 1 . Note also that the final SU (k) representation is related to the transpose of the original SU (N ) representation by the outer automorphism σ r .
We must now dress the operator with the appropriate derivatives so that a valid fermionic object may be constructed transforming in this way. The recipe is simple enough: divide the completed diagram into sets of N columns labelled by I = 1, 2, . . .. Then every operator sitting in the Ith region must have I − 1 derivatives added to it.
To reverse this process, and go from fermions to bosons, we simply remove I − 1 derivatives instead of adding them.
For instance, if one starts in a theory with N f = N = 3 and k = 2 and a bosonic operator like
then the fermionic dual is
where each square contains an SU (2) antisymmetrization to make it a singlet. Here, the first squared bracket is labelled I = 1 and the second square is labelled I = 2, hence the added derivatives.
There are two questions to answer. Firstly, do the quantum numbers still match after this transformation? Secondly, does this really give a bijection between non-vanishing operators? We will begin by proving that the answer to the first question is yes. The second question proves more subtle, and will require some more work to understand.
Proof that Quantum Numbers Match
We can think of the process depicted in Figure 1 as simply transposing and then moving each N ×k block alongside the previous one instead of lying on top of it. This is emphasized by the labelling of these blocks as I = 1, 2, . . ..
We only ever move blocks of cells that are in columns containing a multiple of k other cells, and we only ever place them alongside rows containing a multiple of N other cells. This guarantees that each cell we moves shifts J 0 ∼ (column pairs − row pairs)/(N + k) by an integer. Moreover, if we count pairs by summing for each cell the number of cells above it or to its left, that integer is easily seen to be (I − 1) for each cell in the Ith region which we move.
A Corresponding Index Identity
Constructing a corresponding index which matches for all these gauge-non-invariant objects is now a little more subtle. It is illuminating (though not strictly necessary) to proceed by first starting with the index for free scalars or fermions, and then describing the effect of flux attachment on the index.
Let us focus on the scalar theory, and for simplicity of the notation let us restrict to the case of N f = 1 (though a straightforward generalization is available). Then with a non-Abelian U (N ) symmetry, ungauged to begin with, we have
where ω a are fugacities for the U (N ) Cartan elements, so a = 1, . . . , N . Expanding this out, each power of ω a q m corresponds to a ∂ m Φ †a .
Now the effects of the flux attachment are best understood in a basis of irreducible representations of the U (N ). This means we want to decompose Z free into a sum over Schur polynomials,
where we sum over all partitions λ with at most N parts, and S λ are the Schur polynomials
These precisely correspond to irreducible representations of U (N ). The infinite series f λ (q) describes the dimensions of all the chiral operators in this representation.
There are two key effects of the flux attachment which we now include. Firstly, as we have established, there is an anomalous dimension J 0 [λ] associated with the gauging; in U (N ) k,k+N this was (3.15) . Note that we implement this even for non-integrable representations.
Secondly, the fusion rules must be included. It might be rather surprising that this can be implemented effectively starting from the free spectrum given that most of the representations in (3.15) are not integrable and must drop out of the spectrum. In fact, it transpires that this works out very elegantly. All we need a recipe for taking an arbitrary U (N ) representation and spitting out the corresponding level k representation.
It turns out that this is a standard procedure in the representation theory of affine Lie algebras. (See section 16.2.2 of [41] .) The mathematical picture is that the weight space for the affine Lie algebra is decomposed into affine Weyl chambers. One takes all non-integrable weights, and reflects them using Weyl reflections back into the affine fundamental chamber. This results in some new representation R (k) λ say, at the cost of r reflections. One must then include R (k) λ with the sign λ = (−1) r in the fusion rules. Weights lying on the boundary of the fundamental chamber are left invariant by a reflection and so 'contribute with both signs'; we take λ = 0. Even though some representations appear with minus signs, they always cancel out other terms in the underlying tensor product, leaving simply a subset of the full tensor product. 4 Putting this all together, we have the recipe
which can of course be implemented by integrating (3.15) against an appropriate kernel in a generalization of the usual approach for picking out gauge singlet operators, since S λ , S µ = δ λµ for an appropriately chosen inner product.
Indeed, we can write the partition function for chiral states in the integrable representation µ of U (N ) as
where
N ). One can do exactly the same construction for fermions in U (k) −N,−N −k to obtain a partition functionZμ for each integrable representationμ of U (k) at level N . Then we find that indeed Z µ =Zμ (3.19) whereμ is related to µ in precisely the way described in section 3.2. This is presumably very closely related to the usual WZW level-rank dualities.
The arguments above form much of the proof of this identity; we will not provide a detailed proof here, instead electing to illustrate it with some simple examples. 4 A simple Young diagram manipulation version of this is described in section 16.2.4 of [41] , and a Mathematica version is available at http://blog.suchideas.com/2mBUW. Note that normally this is discussed for SU (N ), neglecting singlets; one finds that simply re-inserting the appropriate number of singlets so as not to change the total U (1) charge extends the algorithm to U (N ).
Examples and Analysis
It is productive to take this opportunity to explore the details of this matching in the simplest possible settings. We will first look at the single flavour indices, and then continue to examine the operator matching in detail for larger N f .
Index Examples and A General Lesson
We will start by illustrating the rules about N f = 1 indices presented in section 3.3 in a very simple non-Abelian setting.
The simplest possible non-Abelian example is U (2) 1,3 with a single boson. Here, we find that the free boson index looks like
where we separate the singlet then factorize out total derivatives to leave only primary operators
where we have listed all operators with up to 4 Φ insertions. Note that the denominator of each term can be understood in terms of products of (1 − q h ) where h ranges over all hook lengths, and we have factored out the trivial 1/(1 − q) present in all diagrams. The numerators count the number of antisymmetrizations required (i.e. the minimum number of derivatives needed to prevent the corresponding operator vanishing). Hence the physical partition function, as a sum over all integrable partitions, but dropping the vacuum state and the total derivatives as we did for Z free , is as follows:
But now consider the dual theory of U (1) −2 fermions. We find that
and clearly we indeed see that Z ≡Z in the sense of the identification (3.19) .
By contrast, if we go to level 2, then the relevant fusion rules become
which leads to
giving an elegant SU (2) 2 ↔ SU (2) 2 matching under which the second and third terms interchange but all other displayed terms are left invariant.
A General Lesson About Fusion Rules
There is some useful information about how fusion rules are implemented buried in the above formulae.
Let us first look at U (2) with k = 1 and consider p = 3 particle operators. The lowest dimension operator should be the operator with the fewest derivatives corresponding to the only possible U (2) representation which for N f = 1 is naively
with dimension ∆ = 4. However, using our algorithm, the dual of this would be constructed asÕ = Ψ † ∂Ψ † ∂Ψ † which clearly vanishes. Thus either the correspondence is failing here, or these are not the correct operators to be looking at. Fortunately, the resolution is the less drastic second option.
Let us look at our index for this theory and try to get some insight. We see that the coefficient of S is shifted by the implementation of the fusion rules as
In particular, note that the first term in the series expansion is q 2 -hence the lowest dimension operator in fact has two derivatives, as it must do to match the fermionic side. Moreover, the whole rest of the spectrum is shifted significantly. The interpretation of the shift from the q/(1 − q) → q 2 /(1 − q 2 ) suggests that a requirement to have "at least one derivative, and possibly more" is being replaced with a requirement to have "at least one pair of derivatives, and possibly more pairs". Why is this?
Consider the symmetrized operator Sym[
Then the fusion rules insist that the only non-vanishing components of this as z 1 , z 2 , z 3 → z transform as only. This is what we implemented above. Suppose instead we start bringing z 1 and z 2 together first, so that the wavefunction becomes proportional to ab ; then for symmetry reasons, there must be some relative angular momentum, making the leading term proportional to (z 1 − z 2 ) ab . This corresponds to constructing the operator Φ †[a ∂Φ †b] . But recall there is a third operator Φ † (z 3 ), symmetrized with the z 1 , z 2 terms. If (z 1 − z 2 ) ab is to be the leading term as we bring z 1 and z 2 together, then there must be some more angular momentum. Put another way, the operator written above appears to be order O((z 1 − z 3 ) 0 ) and so by symmetry it would also be O((z 1 − z 2 ) 0 ). Therefore, the first acceptable option can actually be written as
and the duality works! Both operators have dimension ∆ =∆ = 5.
Moreover, the shifted excitation spectrum corresponds to the fact that any time we have an extra derivative on the Φ †b term, we must also add one to Φ †c -such excitations indeed come in pairs. This matches with the same requirement on the fermionic side for the second two fermions. This generalizes in a natural if sometimes subtle way; we must always include enough derivatives to guarantee that any subset of operators may be brought together safely without violating the fusion rules. This means that if you take q ≤ p operators, where you must take operators with fewer derivatives attached first, then it must be possible to choose those q operators to obey the fusion rules. In the example above, consisting of the operators Φ †a ∂Φ †b Φ †c , we must first pick the Φ †a Φ †c terms, but these necessarily transform in the a, c symmetric representation, violating the k = 1 fusion rules.
Simple Examples with More Flavours
It turns out that there is something to say even about Abelian-Abelian dualities, so let us begin there, before continuing as before and looking at theories where instead one of the two factors is Abelian.
Two Particle Examples
Consider U (1) with k = 1. Then for one flavour, the matching between (3.7) and (3.8) very straightforwardly generalizes to a complete matching of the whole spectrum, as the index identity (3.9) demonstrates. But for N f = 2 something immediately goes wrong. Consider the simple question: what is the bosonic dual of the fermionic operatorÕ = Ψ †
It is easy to verify that this (sticking to the n = 1 duality U (1) 2 ↔ U (1) −2 ) has dimensioñ ∆ = 3/2 and that this is lower than the dimension ∆ of any bosonic operator O which one can construct. In particular, the lowest dimension bosonic operator which is flavour-
There is a nice interpretation of this failure of the duality: there are too many flavours for the bosonic theory to support a sufficiently low-dimension operator to match the fermionic theory. This fits in with a general expectation: bosonization works whenever
Let us try and generalize this issue. Suppose we consider instead U (1) bosons with k ≥ 2, so that now the fermions carry an SU (k) spin but sit at level 1.
∆ =∆ = 2 + 1 + 1 3 = 10 3 Here we have listed the lowest dimensional two-particle operators in both the symmetric and antisymmetric representations of SU (N f ). The striking this here is that Ψ †(a
is not a valid contender forÕ A , since it transforms in a non-integrable representation of SU (2) at level 1. (This operator would have∆ = 5/3.) Thus it seems like the problem has gone away.
We could try a different tack and consider instead U (2) bosons with k = 1, again with 2 particles. Similarly to the above, we are forbidden bosonic states which are gauge symmetric, so two particles must always be in a gauge singlet. This means that the lowest dimension operators look a little different according to whether N f ≥ 2 or not:
But again, it seems as if there is no problem for arbitrarily large N f .
Of course, we have only investigated the two-particle sector. It turns out that this is not usually sufficient to explore the issue we are interested in.
Three Particle Operators
Consider U (2) with k = 1 and look at p = 3 particle operators. We have already discussed N f = 1 in the context of the indices, and seen that everything works out nicely once we understand how to implement the fusion rules correctly. Now let us stick with N = 2 and k = 1 but move to N f = 2 and then N f ≥ 3. We expect that the former should work well but that the latter should break. Here are the lowestdimensional operators transforming in the specified (unreduced) SU (N f ) representations:
Here we see that, indeed, for N f ≥ 3 the duality fails.
What about the original generalization we attempted, with N = 1, k = 2 and N f = 2? With three particles, we find that the bosonic state of minimal dimension in the representation is
which is dual in our sense toÕ = Ψ †[a
whereas in fact the lowest-dimension fermionic operator can be projected out from
showing that, indeed, the duality is still violated. Let us set aside the special case k = 1. (This is slightly different because there are no fusion rules in Abelian theories, but is straightforward to handle as in the examples above, and results in a larger discrepancy.) Then the corresponding minimal bosonic and fermionic operators can be projected out from
which indeed have different dimensions. To be concrete, their gauge representations and dimensions are, for the bosonic operator,
and for the fermionic operator O :
At a mechanical level, the key feature of having N f > N is that the bosonic theory is forced into using a derivative and gauge symmetrization to support the large flavour antisymmetrization. On the other hand, the fermion can take advantage of the large flavour antisymmetrization to keep a relatively low dimension.
Setting N f = N By contrast, at the special point N f = N everything is very nice. When the number of flavours and colours within the bosonic theory coincide in this way, the lowest-dimension gauge-singlet operators take the form
which have the property that in SU (N ) k their dimension scales linearly with r,
Their angular momentum is J = 0 -they are non-interacting, spinless bosons, decoupling completely from the SU (N ) Chern-Simons theory save for the constant shift to their dimension.
The operators O r are dual to fermionic operators roughly of the form
which are indeed also of matching minimal dimension in the U (k) −N theory. (Each kth power is understood as having a gauge antisymmetrization. Note that one cannot start symmetrizing the blocks of N together until one has formed up these sets of U (k) baryons.)
Notice that the lowest-dimension bosonic operators break
in exactly the same way that BPS vortices do in the phase of this theory obtained by adding a chemical potential. (See [26, 42, 43] for a discussion of this theory from the point of view of quantum Hall physics.)
One reason that this is a particularly nice point is that there is, of course, a constrained fermion realization of the affine Lie algebra of SU (k) −N consisting of a theory with N f = N flavours of fermion [38] . Our chiral states are in bijection with constrained fermion states, though in our picture their dimension is not due to a quartic rearrangement of their stressenergy tensor (via the Sugawara construction) but due to the flux attachment, and the properties of the attached Chern-Simons Wilson lines. The difference in the approach is clear from the fact that N f and N are independent parameters for us.
Nonetheless, it is clear that N f = N is on algebraic grounds a very natural particular case of the bosonization duality. Moreover, we note that all the N f < N dualities can of course be obtained from the N f = N duality by simply restricting to sectors where one or more flavours of boson or fermion are not turned on. In this sense, the N f = N case is the natural parent for all these bosonization dualities. 5 It would be nice to understand the whole picture of bosonization (beyond chiral states) more algebraically. It seems likely that attacking the N f = N duality is the right way to do this.
Unitarity Violations: Good, Bad, Ugly
We have seen that when the number of flavours N f is larger than N , the bosonization duality necessarily fails. One perspective on the mechanical reason for this was that the large number of flavours allows us to construct fermionic operators which are suitably antisymmetrized without using many derivatives; intuitively speaking, the fermions can get too close. The dimension of the resulting operator is too low to be dual to any bosonic operator.
There is a natural concern which might arise: can the fermions get too close? Specifically, there is a unitarity bound [44] in these theories given by
which is saturated only by free operators. Violations of this bound for k < 0 were discussed in [24, 25] in the context of the bosonic theory, where they coincided with the appearance of Jackiw-Pi vortices (a non-topological soliton which solves the classical equation of motion) in the spectrum.
For our better behaved k > 0 case, one can reasonably ask two questions. Firstly, do we ever fall foul of the unitarity bound? Secondly, does this have anything to do with the violations of the duality for large numbers of flavours?
The answer to both questions is yes. In this section, we will find operators which cause unitarity problems precisely for N f > N . This is reminiscent of similar situations in superconformal field theories in which the relationship between N f and N affects the IR fate of theories [45] [46] [47] -in particular, both whether or not the naive implementation of superconformal symmetry leads to unitarity violations (which mean there are additional sectors of free operators), and whether or not certain Seiberg-like dualities hold. We will comment on this at the end of this section. 5 If one prefers to think in terms of integrating out fields, note one can choose to either integrate out fermions and bosons using one of two sign choices for the 'mass' term. One choice simply removes a flavour on both sides of the theory. The other choice additionally shifts the Chern-Simons level −N → −(N − 1) on the fermionic side and partially Higgses the gauge field on the bosonic side, breaking SU (N ) → SU (N − 1).
Abelian Fermionic Theories
Here, although we have focussed on k > 0, it appears that including a large number of fermion flavours can drive the dimension down towards the unitarity bound. Indeed, setting k = 1, consider the Abelian fermionic operator
The dimension of this operator, in U (1) , is
Then we find that∆
and in particular the bound is violated for N f larger than this. It seems that a free operator arises at N f = 2 , and then must decouple from the theory as N f grows beyond this point.
But this is not necessarily the worst-behaved operator. Consider the sequencẽ
instead. Then we find that
More specifically, at the value N f = , this sequence has∆ ∝ q, whilst away from this point the quadratic dependence on q has different signs for N f ≷ . Therefore, for any N f > there are infinitely many operators (for sufficiently large q) which naively have increasingly negative dimensions.
The conclusion is that these operators are not being handled correctly. As described in [24, 25] , they correspond to non-normalizable states under the state-operator map, and should be removed from the spectrum. But it is tempting to speculate that perhaps we should also include some free, decoupled operators in the theory corresponding to all these illegal states, much like the Jackiw-Pi vortices did in the bosonic k < 0 case. We will not pursue such speculation here.
Given we can adjust the effective U (1) level in the dualities, via the extra U (1) n factor from the introduction, though, it is not immediately clear that this phenomenon can be at all related to the duality.
However, suppose that we compute the dimension of the above operators for general n, N . Then the effective value of the statistical parameter 1/ is 1 = n nN + 1 (4.12)
Notice that if we focus on n ≥ 0 (an additional constraint which we think of as analogous to k > 0) then this quantity ranges between 0 and 1/N . It follows that, if we want∆ ≥ 1 for all q, n ≥ 0 then N f ≤ N . One reaches the same conclusion if one requires only that the operators do not violate the bound at n = ∞, where the duality is
(Note that for n < 0, it is much easier for operators to violate the unitarity bound; this is more reminiscent of the situation with Jackiw-Pi vortices, for bosonic theories with k < 0. We will not be interested in these sorts of violations.) This suggests that perhaps there is indeed a link between violations of the unitarity bound (for either positive n or simply the particular case n = ∞) and the duality.
The above generalizes fairly straightforwardly to U (k) fermionic theories. If we consider the combination of qN f baryons as a simple probe, and set n = ∞ for simplicity, we find a lowest dimension of
and then because of the quadratic terms, once morẽ
Once again, the boundary of validity of bosonization coincides with a unitarity bound.
Notice that, on the bosonic side, we do not get these violations of the unitary bound for our k > 0 theories. The basic reason is easy to understand, focussing on SU (N ) k for definiteness. Only gauge antisymmetrizations contribute negatively to the anomalous dimension ∆, but we cannot construct operators with arbitrarily large gauge antisymmetrizations. In particular, we cannot construct large operators with quadratically negative contributions to the anomalous dimension. Actually, for a single baryon (which is as bad as it gets) we see
(4.14)
Good, Bad, Ugly
As we pointed out above, this picture is somewhat reminiscent of the story of "the good, the bad and the ugly" [46, 47] . Here, there is a Seiberg-like duality between two superconformal theories which works only for certain values of N f relative to N . Moreover, this coincides with whether the unitarity bound in the theory is (naively) violated or not.
The "good" theories are those for which N f ≥ 2N , which interestingly is for sufficiently large numbers of flavours. Here, the naive implementation of the unitarity bound in the IR leads to no problems, and we also find 3d N = 4 SQCD infrared dualities of the form U (N ) + N f hypermultiplets ←→ U (N f − N ) + N f hypermultiplets .
Meanwhile, a borderline "ugly" case at N f = 2N − 1 saturates the unitarity bound, which slightly deforms the duality to U (N ) + (2N − 1) hypermultiplets ←→ U (N − 1) + (2N − 1) hypermultiplets +1 free hypermultiplet .
For N f < 2N −1, outright violations of the bound occur, and no simple infrared duality like the above holds. (In [47] , a suggestion [48] for a duality in the "bad" cases N ≤ N f < 2N −1 paralleling the "ugly" case was analyzed, and shown to miss some important global features of the IR theories.) Despite being for a somewhat different parameter range, this clearly resembles what we have seen for our ("good") N f ≤ N theories and ("bad") N f > N theories. Our proposed fermionic dual is clearly somewhat subtle for large N f in that, proceeding naively, we can construct various disallowed operators. It is no surprise that it is in fact not the dual of the bosonic theory, which is well-behaved in this respect.
Nonetheless, the fermionic theory does contain a subsystem of operators which are dual to the bosonic operators. (This is reminiscent of the partially successful "bad" duals alluded to above.) This leaves open the possibility that there is some duality of U (N ) k theory with N f bosons to a theory of fermions subject to some additional constraint which projects out the unwanted states; perhaps with the structure of a coset model.
It would be interesting to explore this further.
Conclusion
We have described the non-relativistic bosonization duality U (N ) k,k+nN + N f fund. scalars ←→ U (k) −N × U (1) n + N f fund. fermions for N f ≤ N , and how it fails for N f > N , by matching individual chiral operators in these theories, and seeing how the corresponding indices also agree. It would be nice to extend this to non-chiral operators, for which explicit dimensions are not known, to try to gain insight about their spectrum.
We also noted that N f = N is a particularly natural point to study, since e.g. there is a free fermion representation of the affine Lie algebra su(k) N in terms of N fermions, and since the other dualities follow from this one upon removing some flavours. It would be interesting to try and understand the full spectrum at this point in terms of the affine Lie algebra.
We have seen that the bosonization fails precisely for the same theories as a unitarity bound on operator dimension is violated, in analogy with the story of supersymmetric Seiberg-like dualities (which require instead lower bounds like N f ≥ 2N ). We have also speculated that, if a mechanism which restricts which states are allowed in the fermionic theory is added, it might be possible to find a duality which does work for larger flavours. Perhaps this might take the form of a Seiberg duality whose supersymmetry has been broken.
One lesson offered by this work is that since non-relativistic field theories can be controlled as well as supersymmetric theories, with very little complication or excessive field content, they provide a simplified laboratory in which e.g. non-supersymmetric dualities can be probed. We emphasize, for example, that the restriction to fundamental fields in this work is not necessary; the conformal dimensions for states built from operators in arbitrary representations are known (and are presented in the context of the relevant field theories in [25] ). It would clearly be interesting to use this approach to conjecture and test more dualities.
